The solutions of two-dimensional gravity following from a non{ linear Lagrangian L = f(R) p g are classi ed, and their symmetry and singularity properties are described. Then a conformal transformation is applied to rewrite these solutions as analogous solutions of twodimensional Einstein-dilaton gravity and vice versa.
Introduction
The classical solutions of gravity theories in one spatial and one temporal dimension and their properties have been discussed recently under the following three points of view:
1. As dimensionally reduced higher-dimensional models with symmetries; the most often used example is the reduction of 3+1-dimenional spherically symmetric space-times to 1+1 dimensions.
2. As model inspired by one of the classes of string or superstring theories. 3 . As a toy model for the quantization of 3+1-dimensional gravity, especially for the process of black hole evaporation.
In papers following one of these last two points of view, the emphasis is mainly on the quantization, and the classical behaviour is often only touched. Therefore, many of the classical results are hidden in footnotes or appendices to such papers.
It is the aim of the present paper to concentrate on this classical behaviour independently of an answer to the question to which of these three points of view the results shall apply. We shall start with the following model:
Let f(R) be any given smooth function of the curvature scalar R of a twodimensional (Pseudo{)Riemannian manifold V 2 with metric g ij , (i; j = 1; 2) and let g = j det g ij j. 1 Let L = f(R) p g (1) be the Lagrangian, and for compact spaces V 2 the corresponding action is
Usually, this action integral is also written for noncompact spaces V 2 ; however, for these cases, I need not be well-de ned.
The Euler{Lagrange equation (equivalently called: eld equation) describes the vanishing of the variational derivative of the Lagrangian eq. (1) with respect to the metric g ij . For compact spaces V 2 this takes place if and only if the action I eq. (2) has a stationary point there. For noncompact spaces V 2 the variation is made for suitably chosen subspaces only; the procedure is done in two steps as follows: First, let K V 2 be any compact subset, then a metric g ij is called K-stationary if it makes the K-action
stationary. Second, g ij is called stationary, if it is K-stationary for every such compact set K. 
The multiplication of the action by a non{vanishing constant does not alter the set of solutions of the eld equation. Together with the above we have now justi ed to de ne:
Let and be two constants with 6 = 0, then the functions f(R) and f(R) + R are considered as equivalent.
The remaining part of this Introduction presents short comments to the cited literature: The classi cation given below is only a rough one due to the fact that the majority of papers contributes to more than one of the mentioned topics. And, in many cases one should have added \and the references cited there" to get a more complete reference list. A slightly di erent point of view to dimensionally reduced models can be found in 5, 6] ; but also in these two papers, cosmological models are dimensionally reduced to 2-dimensional dilaton theories.
Refs. [7] [8] [9] [10] [11] [12] [13] [14] are mainly concerned with the higher order theory in two dimensions. 7, 8] In 69], a canonical transformation from dilaton gravity into a free eld theory is given.
The paper is organized as follows: Sections 2 till 6 deal only with the fourth{order theories according to eqs. (1, 2), Sections 7 till 10 also with dilaton theories.
In more details: Sct. 2 deals with the Birkho theorem in 2 dimensions and gives a coordinate{independent proof of it, see the key equation (6) . Sct. 3 gives a method to integrate the eld equation in Schwarzschild coordinates. The Killing vector from sct. 2 explicitly serves to simplify the deduction, see eq. (12) . For the general model eq. (1) the complete solution can be given in closed form, eqs. (10, 14) . Sct. 4 concentrates on the scale-invariant case, i.e. f(R) = R ln R or f(R) = R k+1 . Sct. 5 enumerates the corresponding solutions, and Sct. 6 describes their di erential geometric properties.
In Sct. 7 both the transformation from the model eqs. (1, 2) to dilaton gravity and the corresponding back transformation are explicitly given. Sct. 8 applies this transformation to the examples discussed in Sct. 3 and 4, and gives a typical example of a eld rede nition. In Sct. 9 a conformal transformation is applied which mediates between di erent types of dilaton gravity, and in Sct. 10, this conformal transformation is applied to the solution given in Scts. 5 and 6. Section 11 discusses the results. Proof: If G is constant over a whole region (that means, l = 0 there) then because of inequality (5), R = const., i.e., locally, the space is of constant curvature and possesses a 3-dimensional isometry group. If l eq. (6) is a non{vanishing but light{like vector over a whole region then V 2 is locally of constant curvature, too. So, apart from some singular points and lines where l vanishes or is light-like, the vector l may be assumed to be a non-vanishing time-likeor space-like vector and it su ces to show that it represents a Killing vector. To this end we calculate l;k + k;l = " lm G ;m ;k + " km G ;m ;l (7) The vanishing of the tracefree part of G ;ij is equivalent to the existence of a scalar such that G ;ij = g ij . We insert this into the r.h.s. of eq. (3) is ful lled and the vector de ned by eq. (6) represents a Killing vector.
Proof: It remains to show that l;k + k;l = 0 implies the vanishing of the tracefree part of G ;ij . To this end we introduce the inverted Levi{Civita pseudo{tensor " lm via " lm " mk = l k and get from eq. (6) G ;m = " ml l (8) and after applying \; k" we get the requested identity. q.e.d.
As a corollary from this proof we get 2 G = 2 " 12 2;1 (9) 3 Schwarzschild coordinates
In this section, we consider solutions of the eld equation in such a region where the Killing vector l eq. (6) is a non{vanishing time{like or space{like vector. Then, locally, we may use Schwarzschild coordinates
The overall change ds 2 ?! ?ds 2 does not represent an essential change, so
we have to deal with two signatures: the upper sign in eq. (10) gives the Euclidean, the lower sign gives the Lorentzian signature. Here we concentrate on the Euclidian signature case only, but locally, an imaginary transformation y ! iy gives all the corresponding Lorentz signature solutions, too.
We assume (w = x 1 ; y = x 2 ) to represent a right{handed system. Therefore, in the coordinates of metric (10) we have " 12 = 1; " 12 = ?1.
From metric (10) we get
The constant curvature cases are already excluded, so we have to assume that A(w) is not a polynomial of degree 2 or less. Under these circumstances, metric (10) has exactly one isometry, a translation into the y{direction re ecting the fact, that g ij does not depend on y, i.e. i = (0; 1), where is a non-essential non-vanishing constant. We get
We insert eq. (12) From eq. (9) we get 2G = dA dw , and then the trace (3) of the eld equation reads 0 = w (w) ? f( (w)) + dA dw (13) We introduce the integration constant C and get
which represents the general solution to the eld equation.
Example:
Let us take f(R) = e R and apply the above procedure to this Lagrangian. From eq. (4) we get G = e R = w > 0, i.e., R = (w) = ln w and f( (w)) = w. From eq. (14) we get A(w) = C ? w 2 2 ln w + 3w 2 4 via dA dw = w ? w ln w, so A(w) has a local extremum at w = e, i.e. R = 1. It turns out to be a maximum. In dependence on the value of C, di erent types of solutions can be constructed. 6 In contrast to the models to be discussed in the next sections, R = 0 does not play a special role here. This covers all cases with a scale-invariant eld equation. In most cases, R = 0 represents a singular point of the eld equation, and for those cases 6 This is a quite general property of these models: Adding a constant C to A eqs. (10, 14) , then these two space-times are no more isometric in general, but, according to eq. (11), they have the same curvature. This is also interesting from the purely di erential geometric point of view: under which circumstances the curvature uniquely determines the metric, cf. e.g. 65] we restrict to the range R 6 = 0 and allow R ! 0 in the solutions only afterwards. From eq. (15) 
Instead of explicity solving equation (14) it proves useful to insert (10) into (17), (18), and we get
This equation is valid for all values k and for both signs of R. Even the limit k ! 1 makes sense: In this limit we get d 3 A=dw 3 = 0 which is equivalent to the requirement that the 2-space is of constant curvature.
It is remarkable that the case k = 0 from equation (15) is now smoothly incorporated in equation (19) .
The limit k ! ?1 leads to d 2 A=dw 2 = 0, i.e. at space.
Solutions of scale-invariant gravity
Equation ( 
Equations (24), (25) With these examples eqs. (23 -25) , however, the set of solutions is not exhaustet. Let us complete their enumeration as follows: D = 0 gives at space only, so we exclude this case. A translation of w can be used to get E = 0 in (20, 22) , and to get C=D 2 f?1; 0; 1g in (21) . Then w can be multiplied by a suitable factor to get C=D 2 f?1; 0; 1g in (20, 22) and to get E = 1 in (21).
Finally, we apply the following point of view: homothetically equivalent metrics are considered as equivalent. So, A can be multiplied by any nonvanishing constant (and y has to be divided by the same constant). So, we always get D 2 f?1; 1g, and we get a nite list of solutions as follows: For k = ?1=2: With C = 0 we get (23) and its counterpart ds 2 = dw 2 j ln wj + j ln wj dy 2 ; 0 < w < 1; R = ? 1 w 2 (28) With C 2 f?1; 1g we get 4 further metrics, however: all of them are isometric to (23) or (28) which can be seen by multiplying or dividing w by e.
For k = 0: With C = 1 we get ds 2 = dw 2 1 e w + (1 e w )dy 2 ; (w < 0 for lower sign); R = e w ; (29) With C = ?1 we get ds 2 = dw 2 e w ? 1 + (e w ? 1)dy 2 ; w > 0; R = ?e w ; (30) i.e., together with metric (24) 
i.e., for every value k we have together with metric (25) give solutions which can be smoothly pasted together at the line w = 0 (after rede nition w ?! ?w in one of the parts), so the number of solutions is reduced by one for these cases.
The Lorentzian signature
As already mentioned, the corresponding Lorentzian solutions can be obtained from the Euclidean ones by an imaginary rotation of the coordinate y. However 
The remark from the end of subsection 5.1. applies to this solution, too.
Finally, it should be mentioned, that we considered solutions being related by the transformation ds 2 ?! ?ds 2 
as equivalent ones. (This transformation
does not change the signature of the solutions, but it changes the sign of the curvature scalar.) 6 Properties of these solutions
In this section, we discuss the properties of the solutions found in sct. 5.
The curvature invariants
First of all, let us calculate the curvature invariants using metric (10) 
Selfsimilarity of solutions
A solution ds 2 of the eld equation is called selfsimilar, if for every constant > 0 the homothetically equivalent metric ds 2 is isometric to ds 2 . It holds: A space of constant curvature is selfsimilar i R = 0. From the solutions of sct. 5 the following ones are selfsimilar: (24) , (25) , consequently also (26), (27) , (34) and (36) . The remaining ones { which include all solutions with a horizon { are not selfsimilar: (23) , (28 -33) , (35) and (37).
Geodesics
To get a better knowledge about these solutions it proves useful to calculate their geodesics. This is necessary, because in many cases, a coordinate tends to in nity without describing an in nite distance. For the Lorentzian case, one has also to distinuish between completeness of the 3 types of geodesics, the result may be di entre, cf. e.g. 13,44,66-68]. Z dw ln w instead of y, and then we apply an analytic continuation to the whole interval w > 0] afterwards. We get (cf. the remark at the end of sct. 5.2.) ds 2 = ln w du 2 + 2du dw; R = 1 w 2 The line w = 1] represents a regular horizon; w = 0] is a curvature singularity, it will be reached after nite invariant length of a geodesic, so it represents a true curvature singularity; and for w ! 1 the space is asymptotically uncurved but not asymptotically at. lower sign: w ! ?1 gives an asymptotically at surface, whereas the limit w ! 0 gives a regular surface if one point w = 0] will be attached as center of symmetry and the coordinate y will be considered to be a cyclic one. This is analogous to the case with k = ?1=2 discussed above, the only di erence is that we have now (n + 1)! instead of n + 1 in the denominator of : 7 Transformations relating to dilaton gravity Now we give a relation of fourth-order gravity, section 1 to 6, to dilaton gravity. This relation is possible for those regions where G 6 = 0, cf. eqs.
(1,4). Due to inequality (5) the equation G = 0 can be ful lled at singular lines only. Therefore, the transformation to be deduced below will be valid \almost everywhere".
From fourth{order to dilaton gravity
Without loss of generality let G > 0, otherwise we simply change f(R) to ?f(R), cf. eq. (4). Then we de ne ' by e ?2' = G(R) :
We invert this relation (which can locally be done because of inequality (5)) to R = R(') and de ne V (') = e ?2' R(') ? f(R(')) (42) Then the Lagrangian eq. (1) can be written as L('; g ij ) = e ?2' R ? V (')] p g (43) Now we forget for a moment how we deduced eq. (43) 
The variation of this L with respect to g ij has the trace 0 = V (') + 2(e ?2' ) (45) and the traceless part of (e ?2' ) ;lm has to vanish. This is the transformation from fourth-order gravity to dilaton gravity, which can already be found in several of the cited papers, e.g. 11] 7
From dilaton gravity to fourth{order
To go the other direction { which seems not to be worked out so explicitly up to now { let us start from dilaton gravity eq. (43) which is the Jackiw{Teitelboim theory, then the transformation to fourthorder gravity is impossible. In all other cases, we can locally invert eq. (46) to ' = '(R), and then we insert this into eq. (43) and get
which is the equivalent fourth-order theory eq. (1).
This transformation transforms not only the actions into each other, but also the solutions of the eld equation { unless they belong to the mentioned singular exceptions { are transformed into each other.
Example: Let us start from dilaton gravity eq. (43) 
where the upper sign corresponds to the case R > 0, and for k = 0 we restrict to the range jRj > 1.
Application of equation (42) gives
By a suitable translation of ', the factor k k+1 can be made vanish, and so we get from eqs. (43) and (49) L('; g ij ) = e ?2' R exp (e ?2' )] p g; k = 0 (50) and L('; g ij ) = e ?2' R e ?2'=k p g; k 6 = 0 (51) This is the well-known dilaton gravity in an exponential potential, whereas equation (50) is the tree-level string action.
Addition of a divergence
Let us now look what happens if we apply the transformations mentioned at the end of sct. 1 before the conformal transformation of sct. 7 is carried out: The factor gives nothing but an irrelevant translation of '. However, will in uence the potential as follows: We get G + instead of G and (52) One should observe that the conformal factor uniquely depends on the curvature scalar R of the metric g ij because of e ?2' = G(R), cf. sct. 7. This conformal relation is globally de ned. 9 We use the abbreviation (r') 2 =g lm ' ;l ' ;m and get from equation eq. In the metrics of this section, w is no more a coordinate giving the metric in Schwarzschild form, however, a coordinate changew =w(w) can simply be calculated to get that form.
Discussion
Let us show some unexpected relations of space-times discussed in this paper to models discussed from other points of view:
1. From the example at the end of sct. 7 (i.e., that one which has in the dilaton version simply the potential sin ) we can nd the solution with the method of sct. 3 as follows: We get G = 1 2 arccos R, i.e., R = cos(2w), and by eq. (14) A(w) = C + cos(2w). For the case C = 0, the metric reads 3. Finally, one should note that also 2-dimensional gravity with torsion is equivalent to special types of generalized 2-dimensional dilaton gravity, cf. 44, 45] .
